ABSTRACT. Motivated by the computation of the BPS-invariants on a local Calabi-Yau threefold suggested by S. Katz, we compute the Chow ring and the cohomology ring of the moduli space of stable sheaves of Hilbert polynomial 4m + 1 on the projective plane. As a byproduct, we obtain the total Chern class and Euler characteristics of all line bundles, which provide a numerical data for the strange duality on the plane.
INTRODUCTION AND RESULTS
1.1. Introduction. For a smooth projective variety X, let M(X, P (m)) be the moduli space of (Gieseker-Mumford) semistable sheaves on X with Hilbert polynomial P (m). Since its construction in the monumental paper [Sim94] , the geometry of M(X, P (m)) has been actively studied by many algebraic geometers in various contexts. In this paper, we will study the case that X = P 2 and P (m) is a linear polynomial.
The geometry of M(d, χ) := M(P 2 , dm+χ) is studied at least three different directions: birational geometry, curve counting theory, and strange duality. In a group of birational geometers, the log minimal model program of M(d, χ) is actively studied with a connection with the notion of moduli spaces of objects in the derived category of coherent sheaves ([ABCH13, BMW14, CHW14, Liu15, Woo13] ). The key ingredients are that one can identify the moduli space of semistable sheaves with the moduli space of Bridgeland stable objects in D b (P 2 ) with a proper stability condition, and by varying the stability condition, one can obtain new moduli spaces which are birational to M(d, χ).
On the other hand, the virtual curve counting theory on Calabi-Yau (CY) threefolds focuses on the computation of certain topological invariants of the space M(d, 1). By S. Katz ([Kat08] ), it was suggested that genus zero BPS-invariants of the total space of the canonical line bundle K P 2 with the canonical polarization are given by Donaldson-Thomas invariants (= the top Chern class of the cotangent bundle) of M(d, 1). More generally, there have been several mathematical proposals of the definition of BPS-invariants in [HST01, Kat08, KL12, CKK14] in terms of moduli spaces of sheaves. The study of the space M(d, 1) and its cohomology ring provides an explicit and computable example of these theories in a local CY case.
Finally, in the study of the strange duality, we are interested in the isomorphism between the space of theta divisors in two different moduli spaces of sheaves. The case of moduli spaces of bundles on a curve was established in [Bel08, MO07] . The theory for surfaces, in particular P 2 , was initiated by Le Potier, and there have been some partial progress for instance [Dan00, Dan02, Yua12] . Generating functions of theta divisors has been studied as generalized K-theoretic Donaldson invariants by Göttsche, Nakajima and Yoshioka ( [GNY09] ). By Grothendieck-RiemannRoch theorem, studying the cohomology ring and Chern classes of M(d, χ) provides some numerical data for the strange duality.
Of course, the study of the geometric/topological structure of moduli spaces is itself an interesting problem. In addition, with the motivations from curve counting theory and study of theta divisors, the following geometric question arises naturally. Problem 1.1. Study the cohomology ring structure of the moduli space M(d, χ).
In [Mar07] , Markman proved that the cohomology ring H * (M(d, χ)) is generated by Chern classes of Künneth factors of a universal family on M(d, χ), which is similar to the case of moduli spaces of vector bundles on curves. Also he showed that the Chow ring and the cohomology ring are isomorphic. But the lack of general tools dealing with the moduli space M(d, χ) leads us to solve the problem separately for each d and χ.
In this paper, we study M(d, 1). In this case the semistability coincides with the stability. where α, β are of degree 1 and x, y, z are of degree 2.
In addition, we describe (some linear combinations of) generators in terms of Chern classes and some natural effective cycles in Section 7. A general element F ∈ M has a unique nonzero section O P 2 s → F up to a scalar multiplication, and its cokernel Q F has a finite support. Let O be the closure of the locus of F ∈ M such that Q F contains a fixed point in P 2 . Let L be the closure of the locus of F ∈ M such that Q F meets a fixed line. Let S be the locus of F ∈ M such that supp(F ) contains a fixed point. Finally, let C 4 = {F ∈ M | dim H 0 (F ) = 2} be the Brill-Noether locus (the notation will be justified in Section 7). These natural effective loci are described in terms of above generators explicitly. The total Chern class is obtained as a byproduct. For the entire formula, see Proposition 7.5. Proposition 1.4 (Proposition 7.5). The total Chern class of T M is described in terms of above generators. For instance, c 1 (T M ) = 12α, c 2 (T M ) = 66α 2 − 3αβ − 3β 2 + 6x + 2y + 34z, · · · .
It is straightforward to check that S = c 1 (T M )/12, c 2 (T M ), L, O, C 4 generate A * (M). However, the presentation using this generating set is revealed to be very complicate. Thus we decided to use the above presentation.
The Chern class computation enables us to compute Euler characteristics (generalized K-theoretic Donaldson numbers) of line bundles on M. We present some of Euler characteristics of determinant line bundles λ(w) ∈ Pic(M) of w ∈ [F ] ⊥ ⊂ K(P 2 ) for F ∈ M. For more details, see Section 8.
1.3. Idea of proof. The main idea of the proof of Theorem 1.2 is to make a sequence of moduli spaces which are connected by standard morphisms such as projection and blow-up/down. Then we can apply standard formulas for the computation of Chow ring ( [Ful98] ). We may summarize relations between moduli spaces appearing in this paper as the following diagram.
The space N = N(3; 2, 3) is the moduli space of Kronecker quiver representations (Section 2.2), Q is a projective bundle over N with 11 dimensional fiber, and H(3) is the Hilbert scheme of 3 points on P 2 . The space M α := M α (P 2 , 4m + 1) is the moduli space of α-stable pairs with Hilbert polynomial 4m + 1 in P 2 (Section 2.1). An ordinary arrow → refers a smooth blow-up, a double arrow ⇒ is a fibration with positive dimensional fibers, and a wiggled arrow refers a small contraction, and finally, a dashed arrow is a flip.
Many of these morphisms can be explained in a broader theoretical context. For instance, M ∞ (P 2 , dm + χ) is known to be isomorphic to the relative Hilbert scheme of χ −
-points on the universal degree d plane curve ([He98, Section 4.4]). The flip β is a wall-crossing of α-stable pairs (Section 2.1). The other flip γ initially came from the log minimal model program (MMP) of M, but it turns out that it is a wall-crossing in the sense of Bridgeland (Section 2.3). The key technical result, which connects two different flips β and γ is that the 'master' space of the flip γ is indeed the moduli space of (+)-stable pairs M + . Theorem 1.5 (Theorem 3.1).
(1) There is a flip γ between M and Q.
(2) The flip in (1) can be decomposed into a smooth blow-up and a smooth blow-down,
and the intermediate master space is M + .
To show this Theorem, first of all, we show that the projective bundle Q over N can be translated as a moduli space of Bridgeland stable objects with an appropriate stability condition (Lemma 3.2). The computation of the wall-crossing locus is straightforward. A key observation is that this wall-crossing locus coincides with the blow-up center of r : M + → M. To show the existence of morphism q : M + → Q, we perform the elementary modification of pairs. The elementary modification (a sheaf version of stable reduction) is a useful trick to construct a morphism between two moduli spaces of sheaves or their variations, and there have been many concrete examples (for instance, [CCK05] for vector bundles, [CK11] for pure sheaves, [Lo13] for Bridgeland stable objects). After the construction of q, by studying the local structure of its exceptional locus, we showed that q is indeed a smooth blow-up. , and performing the blow-down computation (Section 6), we are able to obtain Theorem 1.2.
Since the ring presentation is complicated, to reduce the number of relations as well as to find a simpler set of relations, it was indispensable to use a computer algebra system. We used Macaulay2 ( [GS] ) to perform this calculation. We have posted all source codes we have used during the computation and their outputs at the second author's website:
http://www.hanbommoon.net/publications/chow-ring-m/ 1.4. Stream of this paper. In Section 2, we introduce several relevant moduli spaces. Section 3 is devoted to the proof of Theorem 3.1 by using the elementary modification of pairs. In next three sections, we compute Chow rings of N, M + , and M. Section 7 is for the computation of the total Chern class and some effective cycles on M. Finally, in the last section we evaluate Euler characteristics of some line bundles on M, which naturally appear on the strange duality conjecture on the plane.
Notation.
We work on the field C of complex numbers. In this paper, the Chow rings and cohomology rings are always that with rational coefficients. V is a fixed 3-dimensional complex vector space and if there is no further explanation, P 2 = PV . Every point of an algebraic variety is a closed point. The projective bundle of a locally free sheaf F over X is defined by
is the space of one-dimensional subspaces of F.
Finally, we list some notation for important spaces in this paper.
• M := M(4, 1) = M(P 2 , 4m + 1): The moduli space of stable sheaves F with Hilbert polynomial χ(F (m)) = 4m + 1.
The moduli space of α-stable pairs (s, F ) with Hilbert polynomial χ(F (m)) = 4m + 1.
• N := N(3; 2, 3): The moduli space of quiver representations of 3-Kronecker quiver with the dimension vector (2, 3).
• Q := P(U), where U is a rank 12 vector bundle over N defined in Equation (3).
• H(n) := Hilb n (P 2 ): The Hilbert scheme of n points on P 2 . 
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holds for m 0. Here δ = 1 if the section s factors through F and δ = 0 otherwise. When the strict inequality holds, (s, F ) is called an α-stable pair. As in the case of ordinary sheaves, one can define Jordan-Hölder filtration and S-equivalent classes of pairs.
There exists a projective scheme M α (X, P (m)) parameterizing S-equivalence classes of α-semistable pairs with Hilbert polynomial P (m) ([LP93b, Theorem 4.12] and [He98, Theorem 2.6]). We denote by M ∞ (X, P (m)) when α is sufficiently large and M + (X, P (m)) when α is sufficiently small. When P (m) is linear, the space M ∞ (X, P (m)) is the space of stable pairs in the sense of the Pandharipande-Thomas ( [PT09] ). By decreasing the stability parameter α, we obtain a sequence of flips among the moduli spaces of α-stable pairs:
Proposition 2.1.
(1) ([He98, Theorem 4.3]) The moduli space M α (X, P (m)) carries a universal family of α-stable pairs, if α is generic. This includes two extremal cases of α = ∞, +.
(2) There exists a a natural forgetful map to the moduli space of semistable sheaves
pairs is isomorphic to the relative Hilbert scheme of χ −
-points on the universal degree d curves.
In this paper, we use a special case of (X, H) = (P 2 , O P 2 (1)) and P (m) = 4m + 1.
The sequence of flips for M α was studied in [CC12, Section 3.1]. There is a single flip
, which can be described as a composition of a smooth blow-up and a smooth blow-down. 
G is a natural way to construct the moduli space. Indeed, with an appropriate linearization L, the GIT stability is equivalent to the stability of Kronecker's sense (For detail, see [Kin94] ).
and carries a universal family of quiver representations F → V * ⊗ E where F and E are two universal bundles of rank 2 and 3 respectively.
Let Z be a finite subscheme of P 2 of length n :
Since a resolution of a general ideal sheaf I Z (1) twisted by O P 2 (1) is of the form (1), one can see that the moduli space N(3; d − 2, d − 1) is birational to the Hilbert scheme H(n) of n points in P 2 .
In this paper, the relevant case is d = 4 (so n = 3). The birational map between H(3) and N has a nice local structure. (2) There is a regular map H(3) → Gr(3, Sym 2 V * ), which is defined by
Then the map t is the restriction to the image ([LQZ03, Equation (4.2)]). In other words, N is naturally embedded into Gr(3, Sym 2 V * ).
We may identify N with the moduli space of (stable) sheaf homomorphisms
where π 1 : N × P 2 → N and π 2 : N × P 2 → P 2 are two projections. Let U be the cokernel of
On the stable locus, φ is injective. Thus we have an exact sequence
and U is a rank 12 bundle. , so the finiteness of rational contractions and the chamber decomposition of the effective cone are guaranteed. We briefly explain the relation between Bridgeland stability space and the chamber structure on the effective cone of M(d, χ). We provide a simplified definition for P 2 only.
For s ∈ R and t > 0, the potential function is given by
where (r, c 1 , ch 2 ) = (r(E), c 1 (E), ch 2 (E)) and H is the hyperplane class of P 2 . The slope function
.
As in the case of coherent sheaves, one can define a stability of objects in the heart A s of a certain t-structure (depending only on s) in D b (P 2 ) by using the slope function µ s,t . The upper half plane H = {(s, t) ∈ R 2 | t > 0} can be regraded as the stability space ( [Woo13, BMW14] ). Fix a topological type v = (r, c 1 , ch 2 ) ∈ A * (P 2 ). Let M µs,t (v) be the moduli space of Brigdeland stable objects in A s with the topological type v. Then the stability space can be decomposed into finitely many chambers and M µs,t (v) varies only if (s, t) moves from a chamber to another chamber. Also 
Proposition 2.8 ([BMW14, Theorem 1.1]).
There is a one-to-one correspondence between
(1) the chambers of the stability space H; (2) the birational models we obtain by running a directed MMP.
A MASTER SPACE BETWEEN M AND Q VIA A SPACE OF PAIRS
The goal of this section is to complete the following diagram.
An ordinary arrow → is a smooth blow-up, a double arrow ⇒ is a fibration with positive dimensional fiber, a wiggled arrow is a small contraction, and a dashed arrow is a flip. Indeed, all maps, except γ and q, are able to be explained in a broader theoretical context (Section 2). For instance, M ∞ → H(3) is a projection, because M ∞ is isomorphic to the relative Hilbert scheme of 3 points on the universal planar quartic (Proposition 2.1). The flip β is a wall-crossing of α-stable pairs. The technical result, which we will show in this section, is the following. (1) There is a flip γ between M and Q. (1) F = O C (p + q + r), where C is a quartic curve and p, q, r are three non-collinear points on C; (2) F fits into the non-split extension 0 → O C → F → O → 0, where C is a cubic curve and is a line; (3) F = I p,C (1) where C is a quartic curve and p ∈ C. In this case dim H 0 (F ) = 2, otherwise dim H 0 (F ) = 1.
Note that the Brill-Noether locus of stable sheaves of the form in (3) is isomorphic to the universal quartic curve space
The first part of Theorem 3.1 follows from the lemma below.
Lemma 3.2. Let M M µs,t (v) be the first Bridgeland wall-crossing. Then the main irreducible component of M µs,t (v) is isomorphic to Q. The flipping locus (wall crossing locus) in M is isomorphic to C 4 , and that in Q is Fl(V ), the full flag variety of V . If we regard M as a moduli space of Bridgeland stable objects, F ∈ C 4 fits into the exact triangle
where p ∈ P 2 ([CC15, Lemma 2.10]). After the wall-crossing, from the modification of complexes ([Lo13, Proposition 2.1]) the sub/quotient complexes of F are interchanged. Thus we obtain
For a fixed p, these semistable complexes F are parameterized by PExt
Therefore in Q, the flipping locus is PH 0 (I p (1)) * -bundle over PV , which is the full flag variety Fl(V ).
3.2. Construction of the map M + −→ Q. In this section, we prove that the common blown-up space (so called the master space) of M and Q is the moduli space M + . 
we may think it as a collection of data (p, C, ) where p is a point, C is a quartic curve, and is a line such that p ∈ C ∩ . Then the fiber over x of M ∞ → M + is P 3 , which parametrizes triples of points on a line passing through p. One can check that the composition map M ∞ → N is constant along the P 3 , because N forgets the configuration of collinear points and remembers the line containing them only. Hence by the rigidity lemma, M ∞ → N factors through M + and we obtain the map w :
Let r : M + → M be the forgetful map in (2) of Proposition 2.1. Set theoretically, the map w : M + → N can be described as the following.
(
, then w((s, F )) = E for the line determined by p and s ∈ H 0 (F ).
Next, we show that the map w factors through Q in Definition 2.7, which is a P 11 -bundle over N. This proves item (2) of Theorem 3.1. By Proposition [Har77, Proposition II.7.12], giving a lifting of the map w is equivalent to giving a surjective homomorphism w * U * → L → 0 for some L ∈ Pic(M + ), or equivalently, an injective bundle morphism (fiberwise injective morphism) 0 → L * → w * U. Note that in our convention,
The proof of Proposition 3.4 is divided into several steps. Before proving the proposition, let us recall the following.
Remark 3.5. The notion of a family of pairs is delicate. One reason is that the global section functor, more generally the direct image functor, does not behave well. Thus to define a family formally, we use the dual of a pair. By definition ([LP93b, Definition 4.8]), a family of pairs over a scheme S is a pair (L, F) where
• F ∈ Coh(S × P 2 ) is a flat family of pure sheaves;
• a surjective homomorphism
on S where π : S × P 2 → P 2 is the projection and ω π is the relatively dualizing sheaf.
Let (L, F) be the universal pair (the existence is guaranteed by Proposition 2.1) on M + × P 2 , where the π : M + × P 2 → M + be the projection map. By [LP93b, Corollary 8.18 ], there is a spectral sequence E
. By applying Hom(−, O) functor to (7), we obtain an injection
Note that Ext 1 (F, O) is a torsion sheaf, and since F is fiberwisely Cohen-Macaulay,
The last isomorphism is obtained from the Grothendieck spectral sequence for π * • Hom. By the local-to-global spectral sequence for Hom π and
there is an element e ∈ Ext 1 (Ext
which provides an exact sequence
is a flat family of sheaves, E also is. By taking Hom π (−, ω π ), we have a surjection
because L is a line bundle. This implies the existence of a flat family of pairs
The above operation can be described fiberwisely as the following way. Consider the pair (s * , G) defined by
which it is given by a non-zero section
Here
Definition 3.6.
(1) Let E be the exceptional divisor of the blow-up r : M + → M.
(2) Let W ⊂ M + be the locus of pairs (s, F ) such that F ∈ Ext 1 (O , O C ) for a cubic C and a line .
Then E is isomorphic to a P 1 -bundle over C 4 ([CC12, Proposition 4.4]).
Lemma 3.7. The correspondence (s, F ) → (s * , G) defines a dominant rational map M + Q, which is regular on M + \ E.
Proof. Since we already have a relative construction of pairs, it suffices to describe the extensions
given by the pulling-back:
By applying the snake lemma to (9), we conclude that the unique non-split extension G lies on the short exact sequence
Finally, suppose that (s, F ) ∈ E, so F fits into an exact sequence 0
By the snake lemma, we obtain the following commutative diagram:
In particular, j is injective. But in this case G does not have a resolution
0. This implies G(−2) / ∈ N, hence the correspondence is not well-defined on E (cf.
(1) of Remark 2.6).
The family of unstable pairs parameterized by E in the proof of Lemma 3.7 has a flat family of destabilizing pairs.
Lemma 3.8. Under the same notation in Lemma 3.7, there exists an exact sequence
where Z is the universal subscheme of lines in (P 2 ) * × P 2 and K {m}×P 2 ∼ = O P 2 (3) for m ∈ E.
If it is, then the cokernel of an injection O P 2 ⊂ O P 2 (3) is isomorphic to the O C (3) for some cubic C. It violates the stability of F D (3). By combining with Lemma 3.7, the pair (s * , G) in the exact sequence (8) fits into the exact sequence
This construction can be relativized and we obtain the destabilizing sub-pair (0, K) and the quotientpair (L , O Z (1)). Now, to extend the rational map in Lemma 3.7 to the entire M + , we perform the elementary modification of pairs (cf. [CC12, Section 2.2]). Let
be the kernel of the composition of the restriction map and the surjection in (10).
Lemma 3.9. For a point m = [(s, F = I p,C (1))] ∈ E, the modified pair (L , E )| {m}×P 2 parameterized by m fits into a non-split short exact sequence
for the idea of computation). Performing a modification of pairs affects as the interchange of the sub/quotient pairs.
It remains to show that (11) is non-split. We claim that the normal bundle N E/M + at m is canonically isomorphic to H 0 (O ) * . Then the element m corresponds to the projective equivalent class of nonzero elements in
The stable pair (s, F ) = (s, I p,C (1)) fits into an exact sequence
Thus there is a long exact sequence
. This is the deformation space of quartic curves while fixing the point p. The second term Ext
is the tangent space of M + at m ([He98, Theorem 3.12]). For the third term, consider
The second term Ext 1 ((s, I p (1)), (s, I p (1))) ∼ = C 3 is the direct sum of the deformation space of p and the deformation space of the choice of a section s. Hence the normal space to E at m = [(s, F )] is isomorphic to the space Ext 2 ((s, I p (1)), (0, O P 2 (−3))). From [He98, Corollary 1.6] again, this is isomorphic to the kernel of
By taking the Serre duality, we prove the claim.
By definition, the modified pair (L , E ) provides a natural surjection
It is straightforward to check that Ext 2 π (E , ω π ) has rank 12 at each fiber, thus it is locally free.
Proof of Proposition 3.4. We claim that there exists a surjection
up to a twisting with a line bundle on M + . Then there is a morphism M + → Q. Because it is an extension of a dominant rational map between irreducible projective varieties, it is surjective.
Consider the following commutative diagram
Recall that U = π * (E 0 ) where E 0 = coker(φ) is the twisted universal quotient on N × P 2 . Also E 0 is flat over N (Section 2.2). By its construction of w, E | {m}×P 2 ∼ = w * E 0 | {m}×P 2 restricted to a point m ∈ M + . Hence the universal property of N (as a quiver representation space [Kin94, Proposition 5.6]) tells us that w * E 0 ∼ = E up to a twisting of a line bundle on M + . The base change property implies that there exists a natural isomorphism (up to a twisting by a line bundle) 
Therefore we obtain a morphism q : M + → Q.
Note that both M + and Q are smooth and ρ(M + ) = ρ(Q) + 1. So the map q : M + → Q is a divisorial contraction. As explained in the proof of Lemma 3.3, the exceptional divisor E is a P 13 -bundle of quartics containing p, over the full flag variety Fl(V ) ⊂ Q. Also, by the proof of Lemma 3.9, the modified pair does not depend on the choice of a quartic curve. Therefore there is a commutative diagram
PV.
The smoothness of the blowing-down map q comes from Fujiki-Nakano criterion. From Equation (5), the sheaf F ∈ C 4 is parameterized by P 13 = PExt 1 (O P 2 (−3)[1], I p (1))-bundle over P 2 . As analyzing the tangent space T F M = Ext 1 (F, F ) by using Equation (5) (which is similar to the proof of [CC12, Lemma 3.4]), one can see that the normal space along the fiber P 13 is isomorphic to
Hence the normal bundle N E/M + , when it is restricted to the fiber of p ∈ PV , is isomorphic to O P 13 ×P 1 (−1, −1). Therefore the divisorial contraction q is a smooth blow-down by [FN72] .
Remark 3.10. Contrary to the ordinary wall-crossing of moduli spaces of pairs, the modified flat family E is not a family of pure sheaves anymore. A similar phenomenon appears if we replace P 2 by the quadric surface P 1 × P 1 . This case will be investigated in a forthcoming paper.
CHOW RING OF N
The moduli space of N = N(3; 2, 3) is a GIT quotient of a projective space (Section 2.2). Its topological properties have been studied in several papers, including [ES89, Tjo98, Fra15] . In this section, we compute the Chow ring of N by following the computation in [ES89] .
The Poincaré polynomial of N can be computed by several different methods, for instance Kirwan's recursive algorithm described in [Kir84] .
Proposition 4.1 ([ES89, Theorems 4.4, 7.8]).
(1) The Chow ring and the cohomology ring of N are isomorphic.
Let E and F be two vector spaces of dimension 3 and 2 respectively. The moduli space N is constructed as the GIT quotient Hom(F, V * ⊗E)//G where G = GL(F )×GL(E)/C * . Let T ∼ = (C * ) 4 be the diagonal maximal torus of G.
Theorem 4.2 ([ES89, Theorem 6.9, (i)]).
The Chow ring of N = Hom(F, V * ⊗ E)//G can be described in terms of the Weyl group W action on Hom(F, V * ⊗ E)//T . Note that W ∼ = S 3 × S 2 and W acts on {β i , δ k } as the permutation group.
Let b i (resp. d k ) be the elementary symmetric polynomials in β i (resp. δ k ). There is a map
defined by ϕ(r) = ∆ −1 w∈W sign(w)w(r), where
be the ideal of relations.
Theorem 4.3 ([ES89, Theorem 6.9, (ii)]).
To compute this ring explicitly, we need to compute ϕ(I). Note that ϕ is a map of degree (−4) and for every anti-invariant ∆r, ϕ(∆r) = |W|r = 12r. More precisely, ϕ defines an isomorphism
-modules, and the domain is generated by ∆. Thus to find a set of generators of ϕ(I), it suffices to find a set of generators in I a := I∩Q[β 1 , β 2 , β 3 , δ 1 , δ 2 ] a . The following elements are elements in I a . For notational simplicity, we set β i := β i mod 3 for i > 3.
For each element α ∈ Q[β 1 , β 2 , β 3 , δ 1 , δ 2 ], by using a computer algebra system, we can compute ϕ(α)/|W |. Note that the image of the first element is b 1 − d 1 . Thus we can identify b 1 and d 1 . After this identification, we obtain the following elements: 
CHOW RING OF M +
By using the blow-up description of the projective morphism M + → Q → N in (4), we are able to compute the Chow ring of M + .
Chow ring of Q.
Recall that Q is the projective bundle PU over N of a rank 12 locally free sheaf U, which is the cokernel of the injective morphism
where F and E are two universal sheaves on N. Let ρ := c 1 (O Q (1)).
Proposition 5.1.
Proof. Since Q is a projective bundle P(U) over N, by [Ful98, Example 8.3 .4],
By (3),
in A * (N). Therefore we obtain the presentation.
5.2.
A digression into universal plane curves. Let C d be the total space of degree d plane curves, which is the incidence variety
Then C d is isomorphic to a projective bundle π : P(E) → P 2 where E is given by
Note that the rank of E is r d :=
where k is the hyperplane class of P 2 and η = c 1 (O P(E) (1)).
Also from the generalized Euler sequence ([Ful98, Example 3.2.11])
we obtain the Chern character
In particular,
5.3. Chow ring of M + . As we have seen in Proposition 3.4, q : M + → Q is a regular blow-up of Q and the blow-up center is isomorphic to Fl(V ) ∼ = C 1 ∼ = PΩ PV (1). By using the blow-up formula of Chow ring ([Kee92, Theorem 1 in Appendix]), we are able to obtain A * (M + ).
Proposition 5.2 ([DM11, Section 3.3.3]).
For the projection map p : Q → N, the image p(Fl(V )) parametrizes the extension classes 0
Because the extension determined by a choice of a line ⊂ PV , p(Fl(V )) ∼ = PV * .
Consider the following fiber product diagram:
(1) Let F (resp. E) be the universal rank 2 (resp. rank 3) bundle on N. Then j * (F) ∼ = Ω PV * and j
where h is the hyperplane class. Then j * : A * (N) → A * (PV * ) is given by
Proof. Fix [ ] ∈ PV * , which is determined by z ∈ V * . Then on the fiber corresponding to [ ] ∈ PV * ⊂ N, the restriction of the universal map φ : A twisted Euler sequence
Thus we can see that the pull-back of the universal bundles and maps are Proof. From (20) and Lemma 5.3,
where k is the pull-back of the hyperplane class on PV . One may check that h = O P(E) (1) is isomorphic to the pull-back of the hyperplane class on PV * . On the other hand, since Fl(V ) ∼ =
We leave checking it to the reader.
Lemma 5.5. The restriction map i * : A * (Q) → A * (Fl(V )) is given by
Proof. It suffices to check the last equality. Recall that there is a restricted exact sequence
Then c(j * U) = 1 − 9h + 36h 2 .
From Proposition 5.2, if we take the pull-back j * , we have another exact sequence
where U ⊂ PV * ×PV is the universal line over PV * , and A, B ∈ Pic(PV * ). Two maps π 1 : U → PV * and π 2 : U → PV are projections. From the exact sequence
by tensoring π * 2 (O PV (1)) and taking push-forward π 1 * :
. Therefore we have an exact sequence
From c(T PV * (−1) ⊗ A)c(B 10 ) = c(j * U) = 1 − 9h + 36h 2 , we obtain that A ∼ = O PV * and B ∼ = O PV * (−1). Thus there is a natural inclusion Fl(V ) = PT PV * (−1) → Pj * U, and j * O Q (−1) = O PT PV * (−1) (−1). Therefore i * ρ = ξ.
Then we have a normal sequence
Proof. From (17) and Euler sequence, we can construct a commutative diagram
Corollary 5.7.
Proof. By Lemma 5.6 and (18),
Proof. In Q, the class of [P ] is −3b 2 1 b 2 + 5b 2 1 c 2 by Lemma 5.3. By Lemma 5.6, in P , [Fl(V )] is the zero section of (π * O PV * (−1) ⊗ O PT PV * (−1) (1)) 10 . This implies the result. Now we are ready to apply the blow-up formula.
Proposition 5.9.
Proof. By the blow-up formula ([Kee92, Theorem 1 in Appendix]),
where
It is straightforward to check that J :
and their Hilbert polynomials are same. We can show that P t ((A * (Q)/J) = 1 + 2t + 2t 2 + t 3 = P t (Fl(V ) ). Thus ker i * = J.
Remark 5.10. Instead of using M + → Q → N, by applying the blow-up/down computation to the flip M ∞ M + , one may obtain the Chow ring of M + from that of M ∞ . But this computation seems to be more complicated than that in this paper.
CHOW RING OF M
Recall that the exceptional divisor E of the blow-up q : M + → Q has two fibration structures:
PV.
By contracting E to C 4 , we obtain a blow-down map r : M + → M. In this section, by using this contraction, we compute the Chow ring of M.
Consider the following Cartesian diagram:
We have a morphism of Chow groups r * : A * (M + ) → A * (M) and a morphism of Chow rings (so called the refined Gysin map) r * : A * (M) → A * (M + ) such that r * r * = id ([Ful98, Proposition 6.7.(b)]). In particular, r * is an injective morphism and A * (M) can be regarded as a subring of A * (M + ). To find the image r * , we will apply the following result.
Proposition 6.1. [AV90, Lemma 10.5] Let f : X → X be the blow-up of n-dimensional smooth projective variety X along a smooth subvariety Y . Let j : Y → X be the exceptional divisor and g : Y → Y be the projection. Assume that the numerical equivalence is equivalent to the rational equivalence. Then
Besides, from the blow-up description of M, the Poincaré polynomial of M can be obtained. Thus it is sufficient to find enough generators in the image, which generate a subring of given Poincaré polynomial.
Lemma 6.3.
(1) The Chow ring A * (E) is isomorphic to Q[k, h, η]/ k 3 , η 14 − 4kη 13 + 16k 2 η 12 , h 2 − kh + k 2 where k (resp. h) is the pull-back of the hyperplane class in PV (resp. PV * ), and η is the pull-back of c 1 (O P(E) (1)) (for the notation, see Section 5.2).
(2) The kernel of r * :
Proof. By Section 5.2, A * (C 4 ) ∼ = Q[k, η]/ k 3 , η 14 − 4kη 13 + 16k 2 η 2 . On PV , we have a standard exact sequence
and E = Pv * (K). Thus by [Ful98, Example 8.3 .4] again,
Note that the subring generated by 1, k, η is in ker r * , because r : E → C 4 is a positive dimensional smooth fibration. By projection formula, r * (hα) = α for α ∈ A * (C 4 ). Therefore
Remark 6.4. From another fibration structure u • t : E → Fl(V ) → PV , by using Corollary 5.7 (note that ξ = k − h), we can obtain another presentation
It is straightforward to check that η in Lemma 6.3 is τ + k − h.
Now we are able to compute A * (M).
Theorem 6.5. where α, β are of degree 1 and x, y, z are of degree 2. The inclusion map r * :
Proof. By Proposition 6.1, γ ∈ A * (M + ) is in r * (A * (M)) if and only if for every δ ∈ ker s * , i * (δ)·γ = 0. By the projection formula, i * (δ · i * (γ)) = 0. Thus if δ · i * (γ) = 0, then γ ∈ r * (A * (M)).
From the description of ker r * in Lemma 6.3, (ker r * ) 2 is generated by k 2 η 12 and kη 13 , and (ker r * ) 1 = k 2 η 13 . On the other hand, the pull-back i * : A * (M + ) → A * (E) is given by i * (ρ) = ξ = k − h, i * (τ ) = η − k + h, i * (b 1 ) = −3h, i * (b 2 ) = 3h 2 , and i * (c 2 ) = 3h 2 by Lemma 5.5.
For ρ ∈ A * (M + ), r * r * (ρ) = ρ + nτ for some n ∈ Z. Because i * (ρ + nτ ) = k − h + n(η − k + h) = nη − (n − 1)(k − h). Then k 2 η 13 (nη − (n − 1)(k − h)) = (n − 1)hk 2 η 13 = 0 only if n = 1. So ρ + τ ∈ r * (A * (M)). By a similar computation, b 1 + 3τ ∈ r * (A * (M)). Now r * r * (b 2 ) = b 2 + aτ 2 + bτ ρ + cτ b 1 for some a, b, c ∈ Q. By intersecting with k 2 η 12 and kη 13 , we can obtain two linear equations:
By solving this system, we obtain
In summary, a subring R generated by α := ρ + τ, β :
) is a subring of r * (A * (M)). By using a computer algebra system, one can compute the presentation of R on the statement, and check the fact that Hilbert series of R and A * (M) are same. Therefore R = r * (A * (M)) ∼ = A * (M).
CHERN CLASSES AND EFFECTIVE CYCLES
The aim of this section is twofold. First of all, by computing Chern classes and some effective classes, we want to obtain geometric description of the generators of A * (M). Secondly, we will use Chern classes of M to compute Euler characteristics of line bundles on M in the next section. This result can be used to provide some numerical data on the strange duality conjecture of Le Potier.
7.1. Chern classes. By [Tjo98, Equation (3.4)], there is an exact sequence
where E and F are two universal bundles on N. Thus we can compute the total Chern class of the tangent bundle of N, which is: On Q ∼ = PU, there is an exact sequence ([Ful98, Example 3.2.11])
Apply [Ful98, Example 3.2.2] and (13), then we have: 
By using this theorem, we are able to compute c(T M + ). For example,
One obstacle to apply this theorem to the blow-down r : M + → M is that a priori we do not know Chern classes of normal bundle. But without this information, we can compute the first Chern class r * c 1 (
Since C 4 → M is codimension two, Theorem 7.1 is specialized to ([Ful98, Example 15.
By Proposition 7.7 which we will prove later (Note that in the proof of Proposition 7.7, we use
Therefore we obtain the following result.
In particular, j * :
Proof. It is a straightforward computation using Lemma 5.5 and some relations in A * (E), including k = h + ξ, η = τ + k − h, and k 2 − kξ + ξ 2 = h 2 + hξ + ξ 2 = 0.
The following lemma is an immediate consequence of (15) and above two lemmas.
Lemma 7.4. Let N = N C 4 /M be the normal bundle. Then
By applying Theorem 7.1 again, we obtain r * c(T M ). Since r * is an injective morphism, theoretically the computation of an expression of the Chern class in terms of α, β, x, y, z is a linear algebra problem, but the actual computation is very cumbersome. David Swinarski kindly made a Macaulay2 code to find such an expression. 7.2. Effective cycles. In this section, we compute some effective cycle classes on M.
The first natural effective cycle is the Brill-Noether locus. The blow-up center C 4 = {F ∈ M| dim H 0 (F ) = 2} is a codimension two Brill-Noether locus.
Proof. Consider the blow-up diagram (19):
The class α can be interpreted in the following way.
Proposition 7.8. Fix a point p on P 2 . Let S be the locus of F ∈ M such that p ∈ supp(F ). Then,
Proof. By Lemma 7.2 and [Woo13, Lemma 3.1], for the Fitting map π : M → |O P 2 (4)|,
The next two effective cycles are obtained from the cokernel of the structure map O P 2 s → F . Note that for F ∈ M \ (C 4 ∪ r(W )) (see Definition 3.6), dim H 0 (F ) = 1 and the cokernel Q F of O s → F has a finite support. Definition 7.9.
(1) Let O be the closure of the locus of F ∈ M such that Q F contains a fixed point.
(2) Let L be the closure of the locus of F ∈ M such that Q F meets a fixed line.
In the remaining of this section, we will compute their numerical classes.
We may construct some natural effective cycles on N from Schubert calculus. For an embedding ι : N → Gr(3, Sym 2 V * ) (Remark 2.6), E ∼ = ι * S where S is the tautological subbundle ([Tjo98, Section 3.2]). On the other hand, the Chern classes of S and that of the universal quotient bundle Q can be described in terms of Schubert cycles as the following:
Thus b 1 = −σ 1 , b 2 = σ 1,1 , and b 3 = −σ 1,1,1 . Also we have
We may describe Chern classes of Q as the following way. For a fixed 3-dimensional subspace W of Sym 2 V * , σ 1 (W ) is the locus of subspaces with nontrivial intersection with W . Let W be a net of quadrics which has 3 non-linear base points p 1 , p 2 , p 3 . Then for any W ∈ σ 1 (W ) ∩ (N − PV * ), there is a conic C ∈ W ∩ W . Then the net W defines three points on C. Thus W parameterizes three points q 1 , q 2 , q 3 such that all of p i , q j lie on a conic. Evidently this is a codimension 1 condition since for every set of 5 points there is a unique conic passing through them.
Similarly, for a two dimensional subspace T ⊂ Sym 2 V * , σ 2 (T ) is the locus of W such that W ∩T is nontrivial. T defines a pencil of conics, which provides 4 points p 1 , · · · , p 4 . If W ∈ σ 2 (T ), then a conic C ∈ W contains all of p i 's. Thus σ 2 (T ) ∩ (N − PV * ) is the locus of three points q 1 , q 2 , q 3 such that there is a conic containing all of p i and q j .
Finally, σ 3 can be regarded as the locus of 3 points lying on a fixed conic.
Recall that there is a contraction map t : H(3) → N (Proposition 2.5). In [ELB89] , Elencwajg and Le Barz provided explicit generators and the intersection pairing of A * (H(3)).
Definition 7.10 ([ELB89, I, II]).
(1) The class A is a divisor of H(3) parametrizing subschemes which lies on a line. Note that A is the exceptional divisor of t. (2) The divisor H is the locus of subschemes whose supports meet a fixed line. (3) The codimension two class h is the locus of subschemes whose supports contains a fixed point. (4) The codimension two class a is the locus of subschemes aligned with a fixed point. (5) The codimension two class p is the locus of subschemes that two points lies on a fixed line.
The canonical divisor K H(3) is −3H. Since K N = 3b 1 , t * (H) = −b 1 , t * (−b 1 ) = H + A by adjunction. Therefore −b 1 is precisely the closure of the locus of three points whose supports meet a fixed line. Thus −β = −b 1 − 3τ ∈ A * (M) is the closure of the locus parametrizing F ∈ M such that Q F meets a fixed line, which is precisely L. Now the computation of intersection numbers of t * (σ 2 ) with a basis of A 4 (H(3)) is straightforward. For instance, H 2 h · t * (σ 2 ) = t * (H 2 h) · σ 2 is the number of triples {p 1 , p 2 , p 3 } of points on P 2 such that p 1 is fixed, p 2 (resp. p 3 ) lies on a line 1 (resp. 2 ), and {p i } and general four points q 1 , · · · , q 4 lies on a conic. Since there is only one conic C that passes through all q j 's and p 1 , two remaining points p 2 and p 3 must be on the intersection of ( 1 ∪ 2 ) ∩ C. Therefore H 2 h · t * (σ 2 ) = 4.
From similar geometric argument, we can obtain h 2 · t * (σ 2 ) = ha · t * (σ 2 ) = H 2 · t * (σ 2 ) = 0, hp · t * (σ 2 ) = 1.
We leave the computation to the reader. Then from the intersection numbers in [ELB89, p.112], we obtain t * (σ 2 ) = H 2 + HA − 2h + a − p. So the dimension of the kernel of ·A : A 4 (H(3)) → A 3 (H(3)) is two and it is generated by t * (b 2 1 − 3d 2 ) and t * (b 2 −d 2 ). On the other hand, from the relations in [ELB89, p.112], the kernel is generated by a + h and H 2 + HA − 3h − 3p. Therefore we are able to obtain t * (d 2 ) = a + h + p. In particular, h = t * (b 2 − d 2 ) and b 2 − d 2 = t * (h). Therefore on M, x − y = b 2 − d 2 is the closure of the locus of F such that Q F contains a fixed point, which is O.
In summary, we have the following additional relations. 
EULER CHARACTERISTIC OF LINE BUNDLES ON M
For c ∈ K(P 2 ), let M(c) be the moduli space of semistable sheaves of topological type c. For notational simplicity, suppose that the stability coincides with semistability, thus there is a universal family F over M(c). On K(P 2 ), there is a quadratic form v, w := χ(v · w). Also there is a homomorphism (21) λ : c ⊥ ⊂ K(P 2 ) → Pic(M(c)), w → det(π 1! (F ⊗ π * 2 (w)))
where π 1 : M(c) × P 2 → M(c) and π 2 : M(c) × P 2 → P 2 are the projection maps.
The strange duality of theta divisors for the projective plane is formulated as the following, in terms of generalized K-theoretic Donaldson numbers ([GNY09, Section 1.2]). For E ∈ Pic(M), the genearlized K-theoretic Donaldson number of E is defined by χ(M, E) = M
ch(E)td(M).
Let c, v ∈ K(P 2 ) such that χ(c · v) = 0. Let M(c) (resp. M(v)) be the moduli space of semistable sheaves with topological type c (resp. v). The (strong) strange duality conjecture is that there is a strange duality isomorphism A weak strange duality conjecture is that the dimension of two relevant K-theoretic Donaldson numbers χ(M(c), λ(−v)), χ(M(v), λ(−c)) are same.
By using the Chern class formula in Proposition 7.5, in principle, we are able to compute all Ktheoretic Donaldson numbers for M. This provides numerical data for strange duality conjectures. is generated by α, 3α − β (Remark 7.12). α is not big because it is a pull-back of the hyperplane class in |O P 2 (4)|, but 3α − β is big. By Kawamata-Viehweg vanishing theorem and K M = −12α, if m ≥ 6k − 12 and k ≥ 1, then χ(E) = H 0 (E). In particular, since −K M lies on an extremal ray of the nef cone, every big and nef divisor has vanishing higher cohomologies. Table 1 gives some examples. The black numbers are equal to H 0 (E), due to KawamataViehweg vanishing theorem. The grey numbers are Euler characteristics to whom we are unable to apply the vanishing theorem. This conjecture is true for d ≤ 4.
